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ON THE UNIVERSAL PROPERTY OF
WALDHAUSEN’S K-THEORY
WOLFGANG STEIMLE
Abstract. In this note we show that Waldhausen’s K-theory functor from
Waldhausen categories to spaces has a universal property: It is the target of
the “universal global Euler characteristic”, in other words, the “additivization”
of the functor C 7→ ob(C). We also show that other functors on the category
of Waldhausen categories can be “additivized”.
In the context of ∞-categories universal characterizations of algebraic K-theory
have been recently given by Blumberg–Gepner–Tabuada [BGT13] and Barwick
[Bar14]. In this note we show that Waldhausen K-theory, in Waldhausen’s orig-
inal setup, has a universal property, pointing out its simplicity and generality –
in fact almost no structure on the category of Waldhausen categories is used but
the bare fact that one can reasonably define an S•-construction. We also show
that Waldhausen’s S•-construction yields an “additivization” procedure for other
functors.
This paper is based upon the fundamentals of Waldhausen’s approach to K-
theory [Wal85] and we assume that the reader is familiar with the basic definitions.
Denote by Wald the category of (small) Waldhausen categories (i.e., categories
with cofibrations and weak equivalences) and exact functors between these.
Recall that a natural transformation T between two exact functors f, g : C → D
is called weak equivalence if each Tc : f(c) → g(c) is a weak equivalence in D;
equivalently if the adjoint of T is a (necessarily exact) functor
C → w1D ⊂ Fun([1],D)
landing inside the full subcategory w1D on the weak equivalences d
≃
−→ d′.
A sequence f
S
−→ g
T
−→ h of two natural transformations between exact functors is
called cofiber sequence if each f(c)
Sc−→ g(c)
Tc−→ h(c) is a cofiber sequence in D, and,
in addition, for each cofibration c֌ c′ in C, the induced map g(c)∪f(c)f(c
′)→ g(c′)
is a cofibration; equivalently if S and T define an exact functor
C → S2D
into Waldhausen’s extension category.
Definition 0.1. A global Euler characteristic is a pair (A,χ) where A : Wald →
sSet∗ is a functor and χ : ob(C) → A(C) is a natural transformation, such that A
satisfies for any Waldhausen categories C and D:
(i) A is product-preserving: The canonical map A(C × D) → A(C) × A(D) is
a weak equivalence.
(ii) A is homotopical : If two exact functors f, g : C → D are related by a
weak equivalence, then A(f), A(g) are weakly homotopic. Equivalently,
the canonical functor
s0 : C → w1C, c 7→ (c
id
−→
≃
c)
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induces a weak equivalence A(C)→ A(w1C).
(iii) F is pre-additive: If f ֌ g ։ h : C → D is a cofibration sequence of exact
functors, then A(g) ≃ A(f ∨ h). Equivalently, the canonical functor
(d2, d0) : S2C → C × C, (c֌ d։ e) 7→ (c, e)
induces a weak equivalence A(S2C)→ A(C × C).
(iv) A is group-like: The space A(C), with the H-space structure given by
A(C)×A(C)
(A(d2),A(d0))
←−−−−−−−−−
≃
A(S2C)
A(d1)
−−−−→ A(C),
is group-like.
A functor A : Wald→ sSet∗ satisfying these four properties will be called additive.
Remark. (i) It follows from Segal [Seg74] (or the constructions in section 2)
that an additive functor A naturally takes values in infinite loop spaces.
(ii) Let (A,χ) be a global Euler characteristic. If c is an object of some Wald-
hausen category C, then χ(c) ∈ A(C) is something like an Euler charac-
teristic of c. Indeed, if there exists a weak equivalence f : c → d in C,
then χ(c) ≃ χ(d): the two elements are the images of the characteristic
χ(c→ d) ∈ A(w1C) under the two maps induced by
d1, d0 : w1C → C, (c→ d) 7→ c, d;
but d1 and d0 are weakly equivalent so F (d1) ≃ F (d0). A similar argument
shows that if there exists a cofibration sequence c ֌ d ։ e in C, then
χ(c) + χ(e) ≃ χ(d) for the H-space structure on A(C).
The prototypical example of a global Euler characteristic is A = K := Ω|wS•−|,
Waldhausen’s K-theory functor,1 and χuniv : ob(C) → K(C) the canonical map.
Our main result is that this global Euler characteristic is universal, at least in a
homotopical sense.
To formulate the result, we note that global Euler characteristics form a category
Eul where a morphism (F, χ)→ (F ′, χ′) is a natural transformation a : F → F ′ such
that a◦χ = χ′. We call a a natural weak equivalence if each map aC : F (C)→ F
′(C)
is a weak equivalence, and we denote by Ho(Eul) the homotopy category formed
by formally inverting natural weak equivalences.2
Theorem 0.2. (K,χuniv) is an initial object of Ho(Eul).
Remark. If, in Definition 0.1, we replace the category sSet∗ by the category of
pointed sets, then (K0 := pi0K, [χuniv]) is an initial object. Thus, in a precise sense,
Waldhausen’s functor K is a homotopical analogue of K0.
We can rephrase Theorem 0.2 as saying that χuniv : ob(C)→ K(C) is the “addi-
tivization” of the functor C 7→ ob(C). We also have:
Theorem 0.3. Any functor F : Wald→ sSet∗ has an additivization.
Finally, we denote by [K,A] the morphisms from K to A in the homotopy cat-
egory of the functor category Fun(Wald, sSet∗), and let Set
f
∗ be the Waldhausen
category of finite pointed sets.
Theorem 0.4. If A is additive, then the canonical map
[K,A]→ pi0A(Set
f
∗), a 7→ a∗(χuniv(S
0))
is a bijection.
1In our simplicial setting |− | denotes taking diagonals, and Ω denotes the homotopy invariant
loop space functor map(∆1/∂∆1, f(−)) where f is a Kan replacement functor.
2This passage to the functor category and its homotopy category usually requires a change of
universe, compare [DHKS04, §32].
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1. Proof of Theorem 0.2
Denote by SnC Waldhausen’s category of n-fold extensions in C, and by wnC ⊂
Fun([n], C) the full Waldhausen subcategory on strings of weak equivalences. Both
constructions define, for varying n, simplicial objects in the category Wald.
We call a functor F reduced if F (∗) = ∗. For such an F we let
TF (C) := Ω|F (w•S•C)|
and
τF : F (C)→ TF (C)
the map which includes C as the 0-skeleton of w•C and which is adjoint to the
inclusion of the 1-skeleton of S•C (followed by the map into the Kan replacement).
This generalizes Waldhausen’s construction for the functor C 7→ ob(C), in which
case T ob = K and
χuniv := τob : ob(C)→ K(C)
is the canonical map from above.
Waldhausen concludes from his additivity theorem that τK : K → TK is a nat-
ural weak equivalence. His argument generalizes to show:
Lemma 1.1. If F is additive with F (∗) = ∗ then τF : F → TF is a natural weak
equivalence.
Proof. We factor the map τF as a composite
F (C)→ Ω|F (S•C)| → Ω|F (w•S•C)|.
Now the total degeneracy F (C)→ F (wnC) is a weak equivalence for any n and any
C, since F is homotopical; it follows from the realization lemma that the second
map of the composite is a weak equivalence.
As for the first map, we consider the diagram
(1)
(
F (C) =
)
F (S1C) //
d0

|F (S1+•C)|
d0

(
≃ ∗
)
(
∗ =
)
F (S0C) // |F (S•C)|
where the horizontal maps are the inclusions of the 0-skeleta. (The equivalence in
the right upper corner stems from that fact that for any simplicial space X• we have
|X1+•| ≃ X0.) Waldhausen [Wal85, 1.5] has pointed out that if F (∗) = ∗, then
the map adjoint to the 1-skeletal inclusion is homotopic to the canonical map from
the upper left corner in the diagram to the homotopy pull-back of the remaining
square. Thus we need to show that (1) is a homotopy pull-back.
Now F is additive so F (S1+nC) ≃ F (C)×F (SnC) (compare again [Wal85, p. 344])
so the diagram is a homotopy pull-back in each simplicial degree. We wish to apply a
theorem of Bousfield–Friedlander [BF78, Theorem B.4] to conclude that the square
remains a homotopy pull-back after realization.
To verify the assumptions of this theorem, we note that by the group-like con-
dition,
d0 : pi0F (S1+•C)→ pi0F (S•C)
is a surjective map of simplicial groups and hence a Kan fibration. The same
argument shows that for each t ≥ 1, the map [St, F (S•C)] → pi0F (S•C) is a Kan
fibration. As group-like H-spaces are simple, [BF78, B.3.1] applies to verify the
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pi∗-Kan condition. Thus the assumption of the theorem of Bousfield–Friedlander
are satisfied and its conclusion completes the proof of Lemma 1.1. 
To extend the definition of T to non-reduced functors, we redefine TF :=
T (F/F (∗)) and τF : F → F/F (∗) → T (F/F (∗)) the obvious composite. Clearly
T defines an endofunctor of the functor category Fun(Wald, sSet∗) and τ a nat-
ural transformation from the identity functor to T . By the realization lemma T
preserves natural weak equivalences so (T, τ) extend to a functor and a natural
transformation on the homotopy category (still denoted by the same letters).
Note that there are two, possibly different canonical natural transformations
K → TK, namely
τK : K → TK and Tχuniv : T ob = K → TK,
the first of which is a natural weak equivalence by Lemma 1.1. Next we show that
the second map is also a weak equivalence. This is a direct consequence of the
following result, applied to F = ob:
Lemma 1.2. For any F , the two morphisms
τTF , T τF : TF → T
2F
in the homotopy category differ by an automorphism of T 2F .
Proof. We may assume that F is reduced. There is a canonical weak equivalence
T 2F (C) = Ω|Ω|F (w•S•w∗S∗C)|•|∗ ≃ Ω
2|F (w•S•w∗S∗C)|•,∗
which “pulls Ω out”. (This follows again from the Bousfield–Friedlander theorem,
using that the simplicial space |F (S•S∗C)|• is degree-wise connected [BF78, p. 120].)
In the latter model for T 2F the asserted automorphism is given by the Σ2-action
which permutes • with ∗ and permutes the loop coordinates. 
To prove Theorem 0.2, consider the following diagram in Ho(Eul):
(2) (K,χuniv)
τK∼=

b
// (A,χ)
τA∼=

(K,χuniv)
Tχuniv
∼=
//
Ta
22
(TK, τ ◦ χuniv)
Tb
// (TA, τ ◦ χ)
The middle and the right vertical arrows are isomorphisms by Lemma 1.1 and we
just argued that Tχuniv is so, too. But then both existence and uniqueness of b
follow from a simple diagram chase.
Remark. As a consequence of Theorem 0.2, the two transformations τK and Tχuniv
from above actually agree (in the homotopy category).
2. The additivization functor
In this section we prove Theorem 0.3, by constructing a homotopy idempotent
additivization functor P on Fun(Wald, sSet∗). Basically the strategy is to iterate
the S•-construction to obtain a spectrum, of which we take the infinite loop space.
However, in showing that P is homotopy idempotent, the permutation action of
the symmetric groups on the iterated S•-construction comes into play. The theory
of symmetric spectra is just made to deal with this issue and we will use some basic
definitions and results of this theory as described for instance in [Shi00].
For a reduced functor F define a symmetric spectrum PF (C) with n-th space
PFn(C) := |F (w•S
(n)
• C)|,
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using the iterated S•-construction, with Σn acting by permuting the S•-directions,
and the (n + 1)-many structure maps PFn(C) ∧ S
1 → PFn+1(C) are given by the
inclusions of the respective 1-skeleta of (n+1) many simplicial directions. We also
define
PF (C) := Ω∞PF (C) and piF (C) : F (C)→ PF (C)
the inclusion into the 0-skeleton of the w• direction, followed by the inclusion of
the 0-th space of the spectrum into its infinite loop space.
Explanation. There is a notion of “stable equivalence” between symmetric spectra;
the infinite-loop space functor Ω∞ is abstractly defined as the right-derived functor
(with respect to the class of stable equivalences) of the functor taking a spectrum
to its 0-th space. The space PF (C) = Ω∞PF (C) might however not be equivalent
to the space obtained by the naive formula
Ω∞naivePF (C) := hocolim
(
F (C)
τ
−→ Ω|F (S•C)|
τ
−→ Ω2|F (S
(2)
• C)|
τ
−→ . . .
)
;
indeed the functor Ω∞naive does in general not send stable equivalences of spectra to
weak equivalences of spaces.
Remark. If the symmetric spectrum PF (C) is “semistable” then the naive formula
will do (and there is no particular reason to use symmetric spectra at this place),
but it is not clear whether this is always the case.
As in the last section, P defines an endofunctor of the category Fun(Wald, sSet∗)
(applying P to F/F (∗) if F is not reduced) and passes to the homotopy category.
Moreover pi is a natural transformation from the identity functor to P . By Lemma
1.1 and the realization lemma, PF is an Ω-spectrum whenever F is additive (maybe
up to replacing the spaces in each spectrum level by Kan complexes). In this case,
PF is semistable so we conclude, again from Lemma 1.1 that piF is a natural weak
equivalence.
The following result generalizes [Wal85, 1.3.5].
Lemma 2.1. For any F , the functor PF is additive.
Proof. First, any functor of the form C 7→ |F (w•C)| is homotopical. Indeed, a
natural weak equivalence between f, g : C → D induces a simplicial homotopy
w•C ×∆
1
• → w•D
inducing a simplicial homotopy
: F (w•C)×∆
1
• → F (w•D),
which in turn realizes to a homotopy between F (f) and F (g).
Moreover, from F (∗) ≃ ∗ it follows PF (∗) ≃ ∗. To show additivity, denote
for two Waldhausen subcategories A,B ⊂ C, by E(A, C,B) ⊂ S2C the extension
category of [Wal85, 1.1]. It comes with boundary and degeneracy functors
d2 : E(A, C,B)→ A and d0 : E(A, C,B)→ B,
s1 : A → E(A, C,B) and s0 : B → E(A, C,B).
In view of the equivalences
S2C = E(C, C, C) and C × D ≃ E(C, C × D,D),
additivity will follow from the assertion that
(PF (d2),PF (d0)) : PF (E(A, C,B))→ PF (A) ×PF (B)
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is a stable equivalence. To do that, it is enough to show that this map induces an
isomorphism on stable homotopy groups (defined using the naive formula). Indeed
we will show that the map
(3) PF (s1)∗ +PF (s0)∗ : pi∗PF (A) ⊕ pi∗PF (B)→ pi∗PF (E(A, C,B))
is an inverse on stable homotopy groups.
Direct computation shows that (3) defines a right inverse (here we use PF (∗) ≃ ∗
so that constant functors induce constant maps). Moreover, we note that generally
that if f ֌ g ։ h is a cofiber sequence of exact functors C → D, then the maps
F (g)∗ and F (f)∗ + F (h)∗ : pi∗F (C)→ pi∗F (D)
become equal after passing to pi∗+1|F (S•D)|: This follows as in [Wal85, 1.3.4] by
inspection of the 2-skeleton of |F (S•D)|. Applying this argument to the colimit
system, it follows that
PF (g)∗ = PF (f)∗ +PF (h)∗ : pi∗PF (C)→ pi∗PF (D).
We apply this observation to the cofiber sequence
s1d2֌ id։ s0d0
of endofunctors on E(A, C,B) and conclude that (3) is a left inverse.
Finally PF is an infinite loop space hence group-like. 
We can now give the proof of Theorem 0.3, showing more precisely that piF : F →
PF is an additivization. The argument is the same as the one from last section,
based around diagram (2), but with (T, τ) replaced by (P, pi), and χuniv : ob→ K
replaced by piF : F → PF . To make the argument work, we are left to show:
Lemma 2.2. The natural transformation PpiF : PF → P
2F is a natural weak
equivalence.
Proof. Again we can assume that F is reduced. By [Shi00, Theorem 3.1.6] an
explicit description of PF (C) is as follows:
PF (C) = Ω∞naive(P
′F (C))
where P′F (C) is the symmetric spectrum obtained from PF (C) by applying the
“detection functor”. Explicitly, the n-th space of P′F (C) is defined as
P
′Fn(C) = hocolimk∈I Ω
kΣn|F (S
(k)
• C)|
where the homotopy colimit is taken over the category I of finite ordinals and
injections, which acts on both the loops and the iterated S•-construction. The
inclusion into the homotopy colimit induces a natural transformation
η : PF → P′F
of symmetric spectra; the natural transformation piF is then described by the com-
posite
F
ι
−→ PF0
η
−→ P′F0
η′
−→ hocolimi∈N Ω
i
P
′Fi = PF
where the first map ι includes as the 0-skeleton in the w•-direction, and η, η
′ are
given by the inclusions into the respective homotopy colimit. It is not hard to see
that Pι is a natural equivalence, because PF is homotopical.
To conclude the proof, we will show that both maps η and η′ are “P-equivalences”,
i.e., induce a natural stable equivalence after applying P. As homotopy colimits
preserve stable equivalences [Shi00, 4.1.5], it is enough to show that, in both cases,
the map into each term of the homotopy colimit is a P-equivalence.
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As for the map η, denote by shk denotes the k-fold shift functor of symmetric
spectra. As in the proof of Lemma 1.2, the Bousfield–Friedlander theorem provides
a canonical stable equivalence (indeed pi∗-equivalence)
P(Ωk|F (S
(k)
• −)|) ≃ Ω
k shkPF,
which “pulls the loops out”. Under this equivalence the map into the k-th term of
the homotopy colimit identifies with the canonical map PF → Ωk shkPF . But it
is well-known that this map is a stable equivalence for any symmetric spectrum.
As for η′, the following diagram
F
f
//
η ≃P

ΩiΣiF
η ≃P

Ωiη
≃P
''
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
P
′F0
f
// ΩiΣiP′F0 // Ω
i
P
′(ΣiF )0 Ω
i
P
′Fi
is commutative, where f denote the Freudenthal map. The lower composite is
the map under consideration. As shown in the first step, the vertical maps and
the diagonal map are P-equivalences. Therefore it is enough to show that the
Freudenthal map f : F → ΩiΣiF is a P-equivalence.
Lemma 2.3. If X• is a (semi-)simplicial object in pointed simplicial sets, with
each Xn k-connected and X0 (k + 1)-connected, then |X•| is (k + 1)-connected.
In the interesting cases k ≥ 0 this lemma follows by induction on the skeletal
filtration of the (reduced semi-simplicial) realization using the Blakers–Massey the-
orem. Applying the Lemma repeatedly, we see that |F (S
(n)
• C)| is (n− 1)-connected
so that
|F (S
(n)
• C)| → |Ω
iΣiF (S
(n)
• C)|
is roughly 2n-connected by Freudenthal’s suspension theorem (and pulling loops out
once again). Hence Pf induces an isomorphism on pi∗ and therefore is a natural
stable equivalence. 
Proof of Theorem 0.4. We denote S := Setf∗ and the representable functor RS :=
Wald(S,−). This functor comes with an evaluation transformation RS(C) →
ob(C), sending f to f(S0); a map in the reverse direction is specified by associ-
ating to c ∈ ob(C) a natural transformation that sends S ∪ {∗} to an S-fold wedge
sum of c. This is not quite an inverse, though, because there may be different
choices of the wedge sum. However this construction shows that the categories
RS(C) and C are equivalent as well as their subcategories of weak equivalences;
hence
|RS(w•C)| ≃ |wC|.
Plugging this into the explicit formula of the additivization functor P , it follows
that both functors RS and ob have the same additivization; in other words, the
natural transformation
RS(C)→ K(C), f 7→ χuniv(f(S
0))
is an additivization.
We use this to define an inverse of e. For x ∈ A(S), consider the natural
transformation
αx : RS(C) = Wald(S, C)→ A(C), f 7→ f∗(x)
As the target is additive, the natural transformation extends through the addi-
tivization to a unique element ax of [K,A]. If x is homotopic to y, then αx is
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homotopic to αy and it follows that ax = ay. Therefore we get a well-defined map
f : pi0A(S)→ [K,A], x 7→ ax.
By construction, e(ax) = x. Moreover, if a ∈ [K,A], we consider the commuta-
tive square
pi0K(S)
a∗

f
// [K,K]
a∗

pi0A(S)
f
// [K,A]
By construction, the element a ∈ [K,A] is the image of id ∈ [K,K], which is the
image of χ(S0) ∈ pi0K(S). It follows that a is in the image of f . But a was chosen
arbitrarily, so f is surjective. 
3. Concluding Remarks
3.1. The proof of Theorem 0.2 actually shows that the whole space hom((K,χuniv), (A,χ))
of morphisms (in the hammock localization of Eul or the associated ∞-category)
is contractible. In fact, the composite map
hom((K,χuniv), (A,χ))
T
−→ hom((TK, τK ◦ χuniv), (TA, τA ◦ χ)
Ti∗
−−→ hom(K,χuniv), (TA, τA ◦ χ))
obtained from diagram (2) above is an equivalence and constant at the same time.
3.2. As pointed out in the introduction, the above arguments only depend on the
fact that the category of Waldhausen categories allows an S•-construction satisfying
a few formal properties. This gives the freedom to transfer the results to different
settings. For instance, we can replace the category Wald by the category Catst∞
of (small) stable ∞-categories and conclude that the functor K(C) = Ω| isoS•C| is
the additivization of the functor C 7→ iso C.
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